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. Navier-Stokes , $(u\cdot\nabla)\prime u$ .
$L^{2}$- ,
3 . .
, $\Omega$ $\mathrm{R}^{d}$ $(d=\mathrm{I}2,3),$ , $\Omega$ .
, $\Omega$ $\Omega_{h}$ .
[1], $\Omega$ $\Omega_{h}$ . $T$ . $c$










$X$ $X’$ $\langle\cdot, \cdot\rangle$ . $a:X\mathrm{x}Xarrow \mathrm{R}$
$a(u,v):=\langle Au, v\rangle$
, $a$ $X$ , 1 1\dagger .
1’
$a(u, v)=\langle f, v\rangle$ $(\forall v\in X)$ (2)
$u\in X$ .
1 , .




$||Au||_{X’}\geq\alpha_{0}||u||_{X}$ (Vu $\in X$ ), $||A’v||x’\geq\alpha_{0}||v||_{X}$ $(\forall v\in X)$
.
(iii)




, (3) , 1 . , Lax-Milgram
[2] .
8
. $X_{h}$ $X$ 1, $X\ovalbox{\tt\small REJECT}$ $X_{h}$
. $A,$ $\ovalbox{\tt\small REJECT} X_{h}arrow X\ovalbox{\tt\small REJECT}$ $A$ , $\ovalbox{\tt\small REJECT}\in X\sim \text{ }$ $f$ .







$\cdot)$ . $a_{h}$ : $X_{x}\mathrm{x}X_{h}arrow \mathrm{R}$
$a_{h}(u_{h}, v_{h}):=\langle A_{h}u_{h}, v_{h}\rangle$
, $a_{h}$ $X_{h}$ , lh 1’ $\mathrm{h}$ .
1 ’ $\mathrm{h}$
$a(u_{h},v_{h})=\langle f_{h},v_{h}\rangle$ $(\forall v_{h}\in X_{h})$ (6)
$u_{h}\in X_{h}$ .
1 $h$ $\alpha$ ,
$\inf_{u_{h}\in X_{h}},-\in \mathrm{u}\mathrm{p}\frac{a_{h}(u_{h},v_{h})}{||u_{h}||_{X_{h}}||\prime v_{h}||_{X_{h}}}\geq x_{h}$ (7)
, $A_{h}$ . (7)
$||A_{h}u_{h}||_{X_{\acute{h}}}\geq\alpha||u_{h}$
.
$||_{X_{h}}$ $(\forall u_{h}\in X_{h})$ (8)
.
$A_{h}$ , $1\mathrm{h}$, 1 $\mathrm{h}$ 1 ,
2. (3) 2 , $X_{h}$ (7) .
(conforming FEM) . ,
$X_{h}\subset X$ , $A_{h}:=A|_{X_{h}}$ , $f_{t\iota}:=f|_{X_{h}}$ , $||\cdot||_{X_{h}}:=||\cdot||_{X}$ (9)
. , [3].
2 $X$ , $A:Xarrow X’$ , (3)
. $f\in X’$ . $X_{h}$ $X$ , $A_{h},$ $f_{h}$
(9) . $A_{h}$ . $\prime u$ 1 , $u_{h}$
,




.1 $X$ , $A:Xarrow X’$ , (4) .
$f\in X’$ . $X_{h}$ $X$ , $A_{h_{i}}f_{h}$ (9)
. $\prime u$ 1 , $\prime u_{h}$ ,




$-\Delta\phi=f$ $(x\in\Omega)\dot{\prime}$ $\phi=0$ $(\iota’\cdot\in\partial\Omega)$ (11)
.
$X=H_{0}^{1}(\Omega)$ , $||\phi||_{X}=||\nabla\phi||_{0}$ , $A=-\Delta$





$-\nu\Delta\phi+\prime u\cdot\nabla\phi=f$ $(x\in\Omega)$ , $\phi=0$ $(\prime x\in\partial\Omega)$ (12)
. , $\nu$ , $u:\Omegaarrow \mathrm{R}^{d}$ , $\nabla\cdot u=0$
.
$X=H_{0}^{1}(\Omega)\mathrm{J}$ $||\phi||_{X}=||\nabla\phi||_{0}$ , $A=-\nu\Delta+u$ .
. $A$ $X$ ,
$t$
$\nu||\phi||_{X}\leq||A\phi||_{X’}\leq(\nu+c.||u||_{L^{S}(\Omega)})||\phi||_{X}$ (13)
. : $\phi_{h}\in X\iota_{1}$ , $X_{t}’$,
$A_{0h}\phi_{h}+A_{1h}(u)\phi_{h}=i_{h}’f$ (14)
. ,
$\langle A_{0h}\phi_{h},\psi_{h}\rangle=\nu\int_{\Omega}\nabla\phi_{h}\cdot\nabla\psi_{h}dx$, $\langle$ $A_{1h}(u)\phi_{h},$ $\psi_{h})=\int_{\Omega}(u\cdot\nabla\phi_{h})\psi_{h}d\prime x$ (15)
10
, $i_{h}$ : $X_{\iota},arrow L^{2}(\Omega)$ , $i_{h}’$ . 1 ,
(13)
$|| \phi-\phi_{h}||_{X}\leq(1+\frac{c}{\nu}.||u||_{L}.s_{(\Omega))\inf_{\psi_{h}\in X_{h}}||\phi-\psi_{h}||_{X}}$ (16)
. (16) $||u||_{L^{\theta}(\Omega)}/\nu$ , $\nu\downarrow 0$ ,
$u\neq 0$ , . , (14)
, $P_{\mathrm{c}}.(\equiv h|\prime u|/\nu)$ [4].
2.3
Hughes[5] , Johnson[6] , .
, (10) . 2
. 2 .
3 $X$ , $A$ : X\rightarrow X/t , (3)
. $f\in X’$ , $u\in X$ (1) . $X_{h}$ ,
$f_{t\iota}\in X_{h}’$ . $\mathrm{Y}_{h}\equiv X_{h}+\{u\}$ . $||\cdot||_{X_{h}}$ $\mathrm{Y}_{h}$
, $A_{h}$ : $Y_{h}arrow X_{h}’$ l (8) . lh
$\prime u_{h}$ . $X_{\iota}’$,
$A_{h}u=f_{h}$ (17)
. ,
$|| \ell u-u_{h}||_{X_{h}}\leq\inf_{v_{h}\in X_{\hslash}}$ ( $||u- \prime v_{h}||_{X_{h}}+\frac{||A_{h}||_{Y_{h}\prec.\mathrm{X}_{\acute{h}}}}{\alpha}$ |l ’ $||_{Y_{h}}$) (18)
.







. , $(\cdot, \cdot)_{K}$ $K$ , $\tau_{K}$










. , $\mathrm{c}$ $\nu$ , . , 3
.
4 $\phi_{h}$ (17), (19), (20) ,
$|| \sqrt{\nu}\nabla(\phi-\phi_{h})||_{0}+||\sqrt{\tau}u\cdot\nabla(\phi-\phi_{h})||_{0}\leq \mathrm{c}\inf_{\psi_{h}\in X_{h}}||\phi-\psi_{h}||_{Y_{h}}$ (21)
.
(21) , $\nu\downarrow 0$
$||u \cdot\nabla(\dot{\phi}-\phi_{h})||_{0}\leq c.\inf_{\hslash\psi_{h}\in}||u\cdot\nabla(\phi-\psi_{h})||_{0}$ ,
$\nuarrow\infty$
$|| \nabla(\phi-\phi_{h})||_{0}\leq c\inf_{h\psi_{h}\in}(||\nabla(\phi-\psi_{h})||_{0}+h^{-1}||\phi-\psi_{h}||_{0}+h||\Delta(\phi-\psi_{h})||_{0})$
, . (20) $P_{1}$ ,
$\langle A_{h}\phi_{h},\psi_{h}\rangle=\langle A_{0h}\phi_{h}+A_{1h}(u)\phi_{h}, \psi_{h}\rangle+\sum_{K}\tau_{K}(u\cdot\nabla\phi_{h}, u\cdot\nabla\psi_{h})_{K}$




$\frac{\partial\phi}{\partial t}+\prime u\cdot\nabla\phi-\nu\Delta\phi=f$ $((\prime x,t)\in Q_{\mathit{1}^{\mathfrak{l}}}’)$ (22)
,
$\phi=0$ $(x\in\partial\Omega, t\in(0,T))$ , $\phi=\phi^{0}$ $(x\in\Omega,t=0)$ (2.3)
12
. , $\nu$ , $u$ : $Q_{\mathit{1}’}’arrow \mathrm{R}^{d}$ . $u=0$ ,
$f$ : $Q_{\mathit{1}’}’arrow \mathrm{R}$ , $\phi^{0}$ : $\Omegaarrow \mathrm{R}$ . (22) $\phi$ $\Omega$
, Gronwall ,
$||\phi||_{L(L^{\ell})\cap L^{B}(H^{1})}\propto\cdot\cdot\leq||\phi^{0}||_{0}+c.||f||_{L^{2}(L^{2})}$ (24)
. , $L^{\infty}(L^{2})$ $L^{\infty}((0, T),$ $L^{2}(\Omega))$ .
, (24) . ,
, Gronwall .
, , .




. , $X$ : $(0, T)arrow \mathrm{R}^{d}$
$\frac{dX}{dt}=u(X,t)$ $(t\in(0,T))$ (25)
.
$\Delta t$ , $N_{\mathit{1}^{\mathrm{I}}},\equiv[T/\Delta t]$ . $V_{l}$, $H_{0}^{1}(\Omega)$ .
1 , $\phi^{\ell+1}’,,\in V_{h},$ $\tau\iota=0,$ $\cdots,$ $N_{\mathit{1}’},-1$ ,
$( \frac{\phi_{h}^{r\iota+1}-\phi_{h}^{\mathrm{r}\iota}\mathrm{o}X_{1^{l}}’}{\Delta t}\dot{\prime}\psi_{h})+\nu(\nabla\phi_{\hslash\prime}^{\prime l+1}.\nabla\psi_{h})=(f^{n+1}, \psi_{h})$ ($\psi_{h}$ \epsilon \sim h) (26)
. ,
$X_{1}^{n}(x)=x-u^{n}(\prime x)\Delta t$ (27)
, $\circ$ . ,, $V_{h}$
$\phi_{h}^{0}=\Pi_{h}\phi^{0}$ (28)
.
5 $V_{h}$ , $P_{k}$- $(k\geq 1)$ . $\phi_{h}$ (26), (28) , $\phi$ (22),
(23) . ,
$||\phi_{h}-\phi||_{\ell\propto(L^{2})},$ $||\sqrt{\nu}\nabla(\phi_{h}-\phi)||_{\ell^{2}(L^{2})}\leq c(\Delta t+h^{k})$
. ,
$|| \phi_{h}||_{\ell\propto(L^{2})}=\max\{||\phi_{h}^{n}||_{0;}n=0, \cdots, N_{\mathit{1}^{t}},\}$ , $|| \phi_{h}||_{\ell^{2}(L^{2})}=\{\Delta t\sum_{\tau\iota=0}^{N_{T}}||\phi_{h}^{1\iota}||_{0\}^{1/2}}^{2}$
13
Gronwall [7].
, 2 [8]. ,
$\phi\ovalbox{\tt\small REJECT}" 1\mathrm{C}\ovalbox{\tt\small REJECT},,$ $n\ovalbox{\tt\small REJECT}\circ,$
$\cdots,$
$\mathrm{V}\cdot-1$ ,
$( \frac{\phi_{h}^{r\iota+1}-\phi_{h}^{r\iota}\mathrm{o}X_{2}^{\mathit{7}l}}{\Delta t}\dot{\prime}\psi_{t\iota})+\frac{\nu}{2}(\nabla\phi_{h}^{r\iota+1}.+\nabla\phi^{\prime\iota}.h\mathrm{o}X\mathrm{i}^{l}\}\nabla\psi_{h})+\frac{\nu\Delta t}{2}(J^{\prime l}\nabla\phi_{h}^{n}\circ X_{1}^{\mathit{7}l}, \nabla\psi_{h})$
(29)
$= \frac{1}{2}(f^{\mathrm{r}\iota+1}+f_{h}^{r\iota}\circ X_{1}|l, \psi_{h})$ $(\psi_{h}\in V_{\iota},)$
. ,
$X_{2}^{fl}(\prime x)=x-u^{r\iota+1/2}(x-\prime u^{r\iota}(\prime x)\Delta t/2)\Delta t$ (30)
$[I^{\iota}]_{\dot{*}j}=$
, (28) .
2(27) (25) Euler , (30) 2 Runge-Kutta
. , \Delta H 2 . Crank-Nicolson
2 , . 2
\Delta , Jacobi .
6[8] $V_{h}$ , Ph- $rightarrow\geq 1$ ) . $\phi_{h}$ (29), (28) , $\phi$
(22), (23) . ,
$||\phi_{h}-\phi||_{\ell^{\infty}(L^{2})}$ , || $\sqrt$\mbox{\boldmath $\nu$}\nabla (\phi h-\phi )||\ell ’2(L $\leq c(\Delta t^{2}+h^{k})$
. ,




. $u:Q_{\mathit{1}’}’arrow \mathrm{R}^{d}$ , $p:Q_{\mathit{1}^{t}}’arrow \mathrm{R}$
Navier-Stokes
$\frac{\partial u}{\partial t}+(u\cdot\nabla)u-\nu\Delta u+\nabla p=f$ $((\prime x,t)\in Q_{\mathit{1}^{\iota}}’)$ (31)
$\nabla\cdot u=0$ $((x, t)\in Q_{\mathit{1}’}’)$ (.32)
14
,$u=0$ $(x\in\partial\Omega, t\in(0\mathrm{J}T))’$. $u=\prime u^{\mathrm{U}}$ $(x\in\Omega, t=0)$ (33)
. $V_{\iota}$, $H_{0}^{1}(\Omega)^{d}$ , $Q_{h}$ $L_{\mathrm{U}}^{2}(\Omega)\equiv\{q\in L^{2}(\Omega);(q, 1)=0\}$
. Euler $(u_{h\dot{/}}^{r\iota+1}p_{h}^{\prime\iota+1})\in V_{h}\mathrm{x}Q_{hj}n$ $=$
$0,$ $\cdots,$
$N_{\mathit{1}},$ . $-1$
$(D_{\Delta t}u_{t\iota}^{r\iota}, v_{h})+a_{1}(u_{h}^{r\iota}, \prime u_{h}^{r\iota+1}., v_{h})+a_{0}(u_{h\dot{\prime}}^{\gamma\downarrow+1}v_{h})+b(\prime v_{h},p_{h}^{\prime\iota+1}.)=(f^{n+1}, \prime v_{h})$ $(\forall v_{h}\in V_{h})(34)$
$b(u_{\mathfrak{l}\iota^{j}}^{n+1}q_{h})=0$ $(\forall q_{h}\in Q_{h})$ (35)
.
$D_{\mathrm{A}t}u_{h}^{\gamma}‘= \frac{u_{h}^{r\ell+1}-u_{h}^{\prime l}\prime}{\Delta t}$ , $D_{ij}(u)= \frac{1}{2}(\frac{\partial u_{i}}{\partial x_{j}},+\frac{\partial u_{j}}{\partial x_{i}})$ ,
$\mathrm{u}_{0}(u, v)=2\nu\sum_{i\mathrm{j}=1}^{d}\int_{\Omega}D_{1j}.(u)D_{1j}.(v)dx$ , $b( \prime v, q)=-\int_{\Omega}q\nabla\cdot vdz$ ,




7 [2] , $V_{\iota},,$ $Q_{h}$ [9] ,
$k$ , $V_{\iota}$, $k$ , $Q_{h}$ $k-1$
. (34), (35) , $(u_{h},p_{h})$
$||u_{h}-u||_{\ell(L^{2})\cap\ell^{\lrcorner}(H^{1})}\propto\cdot,$
$\sqrt{\Delta t}||D_{\Delta t}(\prime u_{h}-u)||_{l^{2}(L^{\Delta})}.\leq c(\Delta t+h^{k})$ (37)
$||u_{h}-u||_{\ell\propto(R^{1})},$ $||D_{\Delta t}(\prime u_{h}-u)||_{\ell^{2}(L^{2})}\leq c.(\Delta t+h^{k})$ (38)












1 , $(W^{1,3}(\Omega)\cap L^{\infty}(\Omega))^{d}$ .
Sobolev Stokes
[10].
7 , (37) . 2 Euler
. (38) .
Gronwall (38) . [11]
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